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Abstract-In (11, two methods to construct polynomial mappings with periodic points are given 
with Lagrange interpolation and Newton interpolation, and a conjecture that such polynomial map- 
pings with chaotic behaviors should be a “generalized primitive polynomial” is raised. In this paper, 
we additionally consider stability of periodic points and give a new method to construct polynomial 
mappings with attracting cycles or superstable cycles. Based on this construction, we show how to 
further construct a mapping which is not in polynomial forms but possesses the same periodicity. We 
also discuss properties of such polynomials with integer cycles. Finally, we point out a falsity in [l] 
and give counterexamples against the conjecture in [l]. @ 2003 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
Sharkovsky’s order of natural number gives a law of periodicity for one-dimensional mappings [a]. 
It is interesting to construct a simple mapping which has periodic points of period n for a given 
integer n > 0. In [l], t wo methods to construct polynomial mappings with periodic points 
are given with Lagrange interpolation and Newton interpolation. For a given periodic orbit 
(20, Xl, ’ . . , z,}, their Lagrange interpolation polynomial is 
L(z) = CG+d&), 
i=o 
where zn+l = zo and 
(1) 
(cc - 21). . * (Lx - Z&1)(5 - Zi+1) . . . (z - zn) 
z&) = (q - x1). . . (Xi - zi--l)(zi - 2i+l). . . (Xi - z$ 
and their Newton interpolation polynomial is 
N(z) = f[zo] + f[ZO,21](~ -x0) f f[20,3a,Z21(~ - 20)(2 - 21) 
+ . . . +f[Zo,Z1,... , %I](~ - x0)(2 - 21). . . (x - G-l), 
(2) 
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where f[ze, ~1,. . . , xk] is a k-order divided difference of the function f defined by 
f[Xkl = f(Xk), f[Xk xk+l] = f[xk+ll - f[xkl ) . . . , , 
xk+l - xk 
f[xO,xl,...,xk] = 
f[Xl,. . . r xk] - f[xO, . . . ,x&l] 
xk - x0 
7 
and I = xl, f(xl) = 52, . . . , f(xn-1) = x,, f(4 = 20. It is easy to construct a polynomial 
mapping possessing three-periodic points. Such a mapping, therefore, possesses periodic points 
of any given period and displays Li-Yorke’s chaotic behaviors. Moreover, a conjecture that such 
polynomial mappings with chaotic behaviors should be a “generalized primitive polynomial” is 
raised in [I]. 
Sharkovsky’s order tells that a one-dimensional mapping with three-periodic points possesses 
periodic points of any period. This implies that the methods in [l] are trivial for n other than 
three if we only discuss existence of periodicity. This motivates us to consider the stability 
of periodic points additionally because Sharkovsky’s order does not give stability of periodic 
points. It is obviously more important to construct polynomials for stable (or even attracting) 
periodic points. In this paper, we give a new method to construct polynomial mappings with 
attracting cycles and superstable cycles. Based on this construction, we can construct easily 
other mappings not in polynomial forms, which also have the same periodicity; however, only 
mappings in polynomial forms can be constructed by use of methods in [l]. We also discuss 
properties of such polynomials with integer cycles. Finally, we point out a falsity in [l] and give 
counterexamples against the conjecture given in [l]. 
2. ATTRACTING CYCLES 
As in [2], the set y = {wi, . . . , wn} is called an n-cycle of f if WI,. . . , w, are n distinct points 
in R such that 
f(w) = Wi+lr i=l,...,n-1, and f(%) = Wl. 
Sometimes we also call y an n-periodic orbit of f. Each WC of y is called an n-periodic point of f. 
The cycle y is said to be attracting if there is a neighborhood U, of y such that 
f(U,) c u, and n fj(U,) = y. (3) 
j>o 
The largest one of such neighborhoods, denoted by B(y), is referred to as the attracting basin 
of y. B(y) consists of just n open intervals, each of which contains one and only one point of y, 
as seen in [2]. Moreover, if f is differentiable, the multiplicator of y, 
cL = df(wd df(w2) df (4 Y -.-.....- dw dw dw (4 
is well defined. As in [2], y is attracting if I,+] < 1. In particular, y is said to be superstable 
if pLr = 0. Of course, a superstable cycle is an attracting one and an attracting cycle is a stable 
one. 
3. CONSTRUCTION OF MAPPINGS 
Forgivenwr ,..., w, andvr,vs ,... , v,, we try to find a polynomial P(x) with the lowest degree 
such that 
P(Wl) = w2, . :. , P(w,-1) = w,, I = Wl, (5) 
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and 
P’(w1) = Vl, . . . ) P’(?&-1) = vu,-1, P’(w,) = 21,. 
Our basic idea is to apply Hermite interpolation. Let 
Obviously, 
and 
since 
hi(X) := [l - 2l:(Wi)(x - Wi)] [Zi(X)]2, 
ii(X) := (x - wJzi(x)]2. 
Iti = /ii (Wj) = 0, V’i,i 
(x - WI) . . . (x - W&1)(X - Wi+1) . ‘. (x - %) 
Ux) = (Wi - q). . . (Wi - Wiml)(Wi - wi+l). *. (Wi - wn) 
(f-9 
(11) 
(12) 
by (8). Thus, 
Kl(x) = gwi+lhi(x) +-&R,(x), (13) 
i=l i=l 
where w,+l denote ~1, clearly satisfies the requirements (5) and (6). 
THEOREM 1. For given n distinct points wl, . . . , w, on R and for any given n real num- 
bersvl,...,v,, there exists a unique polynomial H,(x) of degree at most 2n - 1 as given in (13) 
which possesses the n-cycle {WI, . . . , wn} with derivatives HA(wi) = vi, i = 1, . . . , n. Moreover, 
H, possesses an attracting n-cycle if jvlv2 . . . v, 1 < 1. 
PROOF. The expression of (13) g’ Ives the existence. In order to prove uniqueness, suppose G(z) 
is another polynomial of degree 5 2n - 1 satisfying (5) and (6). Then 
R(x) := Hn(x) - G(x) 
is a polynomial of degree at most 2n - 1. It follows from (5) and (6) that 
R(Wi) = R’(Wi) = 0, i=l,...,n. 
This means that R(x) has n distinct zeros ~1, . . . , w, of multiplicity at least two. That is 
equivalent to saying 
R(x) = q(2)(a: - w1)2.. . (x - w,)2 (14 
for a polynomial q(o). If q(z) f: 0, then the degree of R(x) is not less than 2n and a contradiction 
is given. Moreover, this cycle has a multiplicator 211~2 . . . v,. The attracting property can be seen 
easily. I 
In particular, finding a polynomial with a superstable cycle is much simpler. The degree of 
polynomial can be much lower. 
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THEOREM 2. For given n distinct points wl, . . . , w, on R, there exists a polynomial H,(x) of 
degree at most n which possesses a superstable n-cycle {WI,. . . , w,,}. Moreover, this polyno- 
mial H,,(x) is unique in the class of degree at most n in some sense. 
PROOF. Define /i(x) as in (8), i = 1,. . . , n: Let 
where w,+r denotes wr. Clearly, H,(z) is of degree n and Hn(wj) = wj+l, j = l,.. . ,n. 
Therefore, y = {wr , . . . , w,} is an n-cycle of H,(s). Moreover, 
so 
H:,(w) = - 2 wi+d:(wl) + 2 witlz:(wl) = o. 
i=l kl 
(16) 
Thus, the cycle y has the multiplicator pr = 0 and y is superstable. 
In what follows, we prove that H,(s) is the unique one of polynomials of degree at most n 
which all have the same n-cycle y = {WI, wz,. . . , w,} and the derivatives of which at wr all 
equal 0. Suppose G(z) is another polynomial of degree 5 n in this class. Then 
R(z) := H,(x) - G(z) 
is also a polynomial of degree at most n and 
R(wi) = R’(wl) = 0, i=1,2 ,..., n. 
Therefore, 
R(z) = q(z)@ - wl)?(z - ~2). . e (x - w,,) (17) 
for a polynomial q(z). If q(z) $0, then the degree of R(z) is greater than or equal to n + 1 and 
a contradiction is given. This implies that R(z) 5 0. I 
The same result as in Theorem 2 also holds when the zero derivative appears at ~2,. . . , wn. 
Based on Theorem 1 there are infinitely many ways to construct a C1 mapping which has an 
attracting n-cycle but may not be in polynomial forms. 
COROLLARY 1. If H, is given in Theorem 1 with lwlz12 . . . TJ,~ < 1, then, for an arbitrarily given 
bounded C’ mapping g and E > 0 small enough, the mapping Hn(x) + sg(z) has an attracting 
n-cycle. 
PROOF. Note that if a C1 mapping f on R has an attracting n-cycle with multiplkator < 1 in its 
absolute value, then f is structurally stable [3] when it is restricted on a small neighborhood of the 
cycle. Thus, for E > 0 small enough the perturbation f + Eg, where g is a bounded C1 mapping, 
also has an attracting n-cycle. Hence, the result in the corollary simply follows Theorem 1. 1 
4. POLYNOMIALS WITH INTEGER CYCLES 
Let Q[z] and Z[cc] denote the rings of polynomials with coefficients in Q and Z, respectively. 
We call y = {WI,. . . , w,} an integer cycle of a mapping if all wi E Z, i = 1,. . . , n, and a rational 
cycle of a mapping if all wi E Q, i = 1,. . . , n. 
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THEOREM 3. All polynomials of H,,(z) given in Theorem 1 belong to Q[x] \ Z[x] if they have an 
integer cycle {WI, . . :, wn} and all derivatives q, . . . , v, of H, on it are integers. More generally, 
no polynomial with integer cycles belongs to Z[x] and the polynomial H,(x) given in Theorem 1 
with a rational cycle {WI, . . . , wn} and rational derivatives ~1, . . . , vn belongs to Q[x]. 
PROOF. Observing (13), for wl,. . . , wn, vi,. . . , w, in Q we easily see that all coefficients of H,(x) 
are rational since Q is a field. , 
Suppose a polynomial 
H(x) =a,x”‘+u,+1x m-1 +~~~+a~x+ao 
in Z[x] has an integer cycle {WI,. . . , wn}. Then 
H(w) = Wi+1, i=l,...,n-1, H(w,) = WI. 
Moreover, 
w2 - w3 = H(wI) - H(w2) = 2 ui (w; - w;) = (WI - w&-“(w1, wz), 
i=l 
W3 - W4 = H(w2) - H(w~) = 2 ui (W; - W;) = (W2 - W3)P(W2, w3), 
i=l 
(18) 
w, - w1 = H(w+1) - H(w,) = & (WA-~ - w;) = (w,-~ - w,)P(w,-1,wn), 
i=l 
WI - w2 = H(wn) - H(wI) = 2 ui (w; - w”;) = (wn - wl)P(w,, WI), 
i=l 
where P(wi, wz), P(w2, ws), . . . , P(wn, wi) sre integers since all ai and all wj sre integers, i = 
1 ,..., m,j=l,..., n.Itfollowsthat 
fi wwi, Wi+1) = 1, (19) 
i=l 
where w,+i denotes wi. Hence, 
Ip(Wl,W2)l = Ip(WZ,WQ)I = “’ = Ip(Wn,Wl)l = 1. (20) 
Thus, from (18) we obtain that 
Iw1 - w21 = jw2 - w3l = . . . = Iw, - w1l; (21) 
that is, wi = ws = *.’ = w,. This contradicts the assumption that WI,. . . , w, are distinct 
integers and proves that such an H(x) @ Z[x]. I 
Theorem 3 gives a much stronger result than [l]. A similar result also holds for polynomials 
given in Theorem 2. 
As in [l], in Z[x] a polynomial f(x) = u,xm + u,,+~x~-~ + . . . + ala: + a0 is referred to as 
a Gaussian primitive polynomial if the greatest common divisor (a~,. . . , a,) = 1. In the last 
section of [l] there is given an assertion that each polynomial 
P(x)=~+~x+...+pxm 
m 
(22) 
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in Q[z], where ae, . . . , a,, bc, . . . , b, are integers, can be expressed as 
a 
P(x) = - fo(x), b (23) 
where a = (a~, . . . , a,) is the greatest common divisor, b = [bo, . . . , b,] is the lowest common 
multiple, and f ( ) 0 2 is a Gaussian primitive polynomial. Consider 
Clearly, a = 2, b = 30, and P(z) = (2/30) fo(z), where fc(z) = 10s2 + 122 + 10 is obviously not 
a Gaussian primitive polynomial. This means that such an assertion in [l] is false. 
5. CONJECTURE IN [l] 
The conjecture in [l] says that choosing the interpolation points f(xo) = ~1, f(q) = 33, . . . , 
f(Gz-I) = x72, f(z:,) = 20 for n + 1 distinct nonzero integers, suppose that P(x) is a chaotic 
map (only point to chaotic map) constructed by using Lagrange and Newton’s interpolations us 
in [I]. Then P(x) is a generalized primitive polynomial. 
Here, by definition in [l], a polynomial P(z) E Q[z] \ Z[ x is called a generalized primitive ] 
polynomial if P(x) = uo/bo + (ul/bl)x + ... + (un/bn)P, where (ai, bi) = 1, i = O,l,. . . ,n, 
(bo,h,. . . , b,) = 1, and (uc, ai,. . . , a,) = 1. 
Unfortunately, we will give a negative answer to this conjecture. Consider simply a polynomial 
map P(z) with three-periodic orbit {xc, xi, x2). By Newton’s method (see (14) of [l]), i.e., by (2), 
P(x) = f[xo, Xl, x21x2 + {f[xo, al - fix07 Xl, x21(x0 + x1)1x 
+ {f[XO,Xl, 521X0X1 + f[xo] - f[xo, +o), 
(24 
where f[xk] = f(xk), 
f[xk xk+l] = f[xk+ll - f[xkl) f[xktl,xk+21 - f[%X:kt11 7 
xktl - xk 
f[Xk, zktl, xkt21 = 
xk+2 - xk 
Noting that f(xk) = xk+i, k = O,l, and f(x2) = xc, we see in (24) that 
f[xo] = Xl, 
x2 -21 
f[XO,Xll = ~ Xl -20’ 
f[xo x1, x2l = (x0 - x2)/(x2 - Xl) - (x2 - x1)/h - x0) 
7 
x2 - x0 
(25) 
Thus, (24) and (25) provide an algorithm to calculate P(x) when xc, xi, 22 are given. In the 
following, a Maple program is given: 
pol:=proc(n) 
local fl, f2, f3, a, b, c: 
########## 
fl:=xl: 
f2:=(x2-x0/(x1-x0) : 
f3:=((xo-x2>/(x2-xi>-(x2-xi)/~xl-xo~~/~x2-xo~: 
a:=f3: 
b:=f2-f3*(xO-xl): 
c:=f3*xO*xl+fl-f2*xo: 
pol:=a*x^2+b+x+c: 
end : 
Mappings with Attracting Cycles 1219 
Running this Maple program, we find that 
21 37 113 
P~(2)=--~2+-cc-- 
20 4 10 (26) 
has a three-periodic orbit ~0 = 2, ~1 = 3,~ = 7, which implies chaos. However, (21,37,113) = 1 
but (20,4,10) = 2 # 1, which means (26) is not a generalized primitive polynomial. Similarly, 
for three-periodic orbit 20 = 3, ~1 = 4, 52 = 11, we can determine a corresponding polynomial 
57 113 409 
P2(2)=--22+-5----, 
56 8 14 (27) 
which is also not a generalized primitive polynomial. 
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